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Abstract
A method for the prediction of crack onset and propagation along an interface in a ﬁbre-reinforced composite system is devel-
oped. The method is based on the Linear Elastic-(Perfectly) Brittle Interface Model (LEBIM) and a coupled stress and energy
criterion of the Finite Fracture Mechanics (FFM). Models similar to LEBIM, also called weak or imperfect interface models, are
frequently applied to describe the behaviour of adhesively bonded joints. In the present paper the interface is modelled by a con-
tinuous distribution of linear elastic-brittle springs where the normal and tangential stresses across the undamaged interface are,
respectively, proportional to the relative normal and tangential displacements. The interface failure criterion applied takes into
account the variation of the fracture toughness with the fracture mode mixity. In the present work a 2D collocational boundary
element method (BEM) code is used to analyse debond onset and propagation at a ﬁbre embedded in a matrix subjected to remote
uniaxial transverse tension. One of the advantages of the method proposed here by applying the FFM criterion to the LEBIM is that
we are able to make independent the two governing parameters of the model (critical stress and fracture toughness of the interface),
which are related by an equation in the original LEBIM formulation. It seems that the predictions provided by FFM with LEBIM
are quite similar to those obtained by the well-known Cohesive Crack Model (CCM). The advantage of the present method with
respect to the CCM is evident, since a troublesome nonlinear analysis due to the softening can be avoided.
c© 2014 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of
Structural Engineering.
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1. Introduction
When composite unidirectional laminates are subjected to transverse loads they usually exhibit a matrix failure,
called also interﬁbre failure, typically initiated in the form of debonds at ﬁbre-matrix interfaces. That is why the
modelling of these interfaces is so important and it has intensively been studied in the past. An extensive review
of works studying the problem of debond propagation along the ﬁbre-matrix interface can be found in Parı´s et al.
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(2007), Ta´vara et al. (2011) and references therein. Recently, Manticˇ and Garcı´a (2012) applied a coupled stress and
energy criterion of the Finite Fracture Mechanics (FFM) to characterize the initiation and propagation of a debond,
considering a perfect ﬁbre-matrix interface, under biaxial loads.
In many cases, the behaviour of an interface can be modelled by a continuous distribution of linear-elastic springs
with appropriate stiﬀness parameters, see Lenci (2001); Ta´vara et al. (2010, 2011); Manticˇ et al. (2013) and references
therein. This classical model is usually referred to as linear-elastic interface, weak interface or imperfect interface,
which when furnished with a brittle failure criterion, as in Ta´vara et al. (2010, 2011); Manticˇ et al. (2013), is usually
referred to as Linear Elastic-(Perfectly) Brittle Interface Model (LEBIM). The aim of the present work is to develop,
and implement in computational code, a new approach to determine the debond onset and propagation along the
interface of an isolated elastic ﬁbre embedded in an elastic matrix subjected to remote transverse loads by applying a
coupled stress and energy criterion of FFM in LEBIM. The present work takes into account the variation of fracture
toughness with fracture mode mixity and in this sense generalizes the previous related works by Weissgraeber and
Becker (2011); Cornetti et al. (2012); Weissgraeber and Becker (2013).
2. Finite Fracture Mechanics applied to Linear Elastic-Brittle Interface
Under certain initial conditions, weak interface can be used to model the interface or the adhesive layer between
two solids. We assume here that an undamaged ﬁbre-matrix interface can be modelled by LEBIM. In some cases, the
original LEBIM with given interface strength and fracture toughness leads to an excessively compliant interface (with
unrealistically low stiﬀness). Therefore, in such situations the original LEBIM may not adequately characterize the
initiation and propagation of debonds at a ﬁbre-matrix interface.
A novel approach to solve this problem is to couple the stress and energy criteria, each of them representing a
necessary but not suﬃcient condition for crack initiation and propagation, in the framework of FFM. The formulation
of the FFM applied to LEBIM in a pure mode I or II, and also in a simpliﬁed version of mixed mode, has been
developed in Weissgraeber and Becker (2011); Cornetti et al. (2012); Weissgraeber and Becker (2013). In the present
work a full mixed mode formulation is introduced.
Let kn and kt be the normal and tangential stiﬀnesses of the spring distribution, respectively. The normal and
tangential tractions (σ and τ) at a point x on an undamaged part of the interface are related to the relative normal and
tangential displacements (δn and δt) by the linear relations σ = knδn and τ = ktδt. The energy stored in a spring (per
unit area) is given as
G = GI +GII , where GI =
〈σ〉2+
2kn
and GII =
τ2
2kt
. (1)
The stress and energy fracture-mode-mixity angles, respectively, are deﬁned as
tanψσ =
τ
σ
, and tan2 ψG =
GII
GI
=
kn
kt
tan2 ψσ (for σ ≥ 0). (2)
In the stress criterion, the traction vector modulus at a point x, t(x) =
√
σ(x)2 + τ(x)2, is compared with its critical
value, t(x) ≥ tc(ψ(x)), with tc(ψ(x)) =
√
σc(ψ(x))2 + τc(ψ(x))2. In the present work, following Ta´vara et al. (2011);
Manticˇ et al. (2013), the energy fracture-mode-mixity angle is used deﬁning
σc(ψG) = σ¯c
√
1 + tan2[(1 − λ)ψG] cosψG and τc(ψG) =
√
kt
kn
σ¯c
√
1 + tan2[(1 − λ)ψG] sinψG, (3)
with λ the fracture mode sensitivity parameter. 0.2 ≤ λ ≤ 0.3 is a the typical range for interfaces with moderately
strong fracture mode dependence.
The two forms of the stress criterion for an interface debond onset or advance along a ﬁnite segment from x = 0 to
x = Δa > 0, proposed originally by Leguillon (2002), pointwise criterion, and Cornetti et al. (2006), average criterion,
are adapted here to mixed mode crack growth along elastic interfaces giving
Pointwise criterion: min
0≤x≤Δa
t(x)
tc(ψ(x))
≥ 1, Average criterion: 1
Δa
∫ Δa
0
t(x)
tc(ψ(x))
dx ≥ 1, (4)
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where the tractions are computed along the interface prior to the interface debond onset or advance. The physical
justiﬁcation of the above formulation of the average criterion is that we compare at each point the actual traction
modulus t(x) to its critical value tc(x) depending on the traction vector angle at the point, and the degree of fulﬁllment
of this condition is averaged along the interface segment that may debond.
The incremental energy criterion for the same interface debond onset or advance along a ﬁnite segment takes the
form:∫ Δa
0
G(a) da ≥
∫ Δa
0
Gc(ψ(a)) da, (5)
where G(a) is the Energy Release Rate (ERR) associated to the crack tip at the position x = a, essentially it equals
the energy (per unit area) stored at the spring located at the crack tip, cf. Lenci (2001); Carpinteri et al. (2009), and
is deﬁned by (1) using the tractions σ(a) and τ(a) at the crack tip. Gc(ψ(a)) gives the fracture toughness (fracture
energy) associated to the crack tip at the position x = a. Function Gc(ψ) is usually deﬁned by a phenomenological
law due to Hutchinson and Suo (1992)
Gc(ψG) = GIc(1 + tan2(1 − λ)ψG) (6)
with GIc denoting the fracture toughness in pure mode I and λ the fracture mode sensitivity parameter.
   
 
 
 
 
 
 
                                  
                          
Fig. 1. FFM+LEBIM law for pure mode I.
The present problem is governed by the following dimensionless parameter deﬁned in Cornetti et al. (2012):
μ =
2knGIc
σ¯2c
. (7)
According to Fig. 1, μ = σ2max/σ¯
2
c , with σmax and σ¯c, respectively, the maximum and critical stresses associated to the
energy and stress criteria. When μ = 1, the solution of the present model should revert to the solution of the original
LEBIM. For increasing μ, the interface becomes stiﬀer, so μ → ∞ leads to the perfect interface. As follows from the
above, fracture toughness, strength and stiﬀness of the interface are independent in the present FFM+LEBIM model,
in opposite to the original LEBIM, where these quantities are related by an equation.
3. Cylindrical inclusion under a transverse tension
Consider an inﬁnitely long cylindrical inclusion, with circular section of radius a, embedded in a large matrix
prism, with square section of side 2H, Fig. 2, with H/a = 200/3. Both the inclusion and matrix are considered to be
isotropic linear elastic materials, whose characteristics are presented in Table 1. A uniform remote tension σ∞ > 0 is
applied. A plane strain state is assumed in the ﬁbre-matrix system. Due to the problem symmetry only the semidebond
angle denoted as θd is represented. The value of kn given in Table 1 corresponds to μ = 1. For higher values of μ,
kn increases proportionally. To solve this problem we use a Boundary Element Method (BEM) code obtained by a
modiﬁcation of the code developed in Ta´vara et al. (2010, 2011); Manticˇ et al. (2013). A uniform mesh of linear
boundary elements is used to discretize the ﬁbre-matrix interface, each element corresponding to the polar angle 0.1◦.
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Fig. 2. Inclusion problem conﬁguration under remote transverse tension (a) without and (b) with a partial debond.
Table 1. Material and interface properties (kn for μ = 1)
Bimaterial Ef(GPa) νf Em(GPa) νm GIc(Jm
−2) σ¯c(MPa) kn(MPa/μm) kt/kn
Glass-Epoxy 70.8 0.22 2.79 0.33 2 90 2025 0.25
In a step of our crack advancing procedure, the intersection point of the curves of the stress and energy criteria
deﬁnes the critical remote stress σ∞c > 0 and the angle of crack tip advance Δθ. Then, a next step of this procedure
begins. The ﬁrst two steps of this crack advancing procedure are illustrated in Fig. 3, for μ = 8 and pointwise stress
criterion, where it is seen how the curves of stress and energy criteria advance with each Δθ.
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Fig. 3. The ﬁrst two steps of our crack advancing procedure for a cylindrical inclusion embedded in a matrix under a transverse tension.
The predicted evolution of the onset and propagation of a crack along the ﬁbre-matrix interface is shown in Figs. 4, 5
and 6, for diﬀerent interface stiﬀnesses, μ =1, 2, 4 and 8, and for both alternative stress criteria (4). In all graphs the
results are compared with the original LEBIM with μ = 1. In the ﬁrst steps for μ greater than one, the jumps due
to the intersection of the stress and energy criteria curves are clearly observed, but when the solution arrives to the
minimal remote stress, the criteria curves do not intersect, and the minimum remote stress that veriﬁes both criteria is
typically given by the minimum of the energy criterion curve. We can also observe that the results of the computational
procedure introduced in this paper (referred to hereinafter as FFM+LEBIM) for μ = 1 and pointwise stress criterion
coincide with the results obtained by the original LEBIM, whereas there is only a very small diﬀerence when average
criterion is used.
Fig. 4 shows that the results obtained by the FFM+LEBIM do not vary signiﬁcantly with respect to the results
obtained by the original LEBIM, even for larger values of μ. In particular, the maximum critical load presents only
little variations. Deﬁning the arrest angle θa as the angle where the crack will stop growing under load control, the
arrest angle grows slightly with increasing μ. Speciﬁcally, for μ equal to 1, 2, 4 and 8, the arrest angle equals 76.25◦,
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Fig. 4. Applied remote stress with respect to semidebond angle for diﬀerent μ, for (a) the pointwise stress criterion, and (b) the average stress
criterion.
77.50◦, 79.02◦, 80.94◦, respectively. Figs. 5 shows that for larger interface stiﬀness the relative normal displacements
at A are smaller before debond onset, as expected. Nevertheless, during subsequent stepwise crack propagation for
a decreasing remote load (assuming the crack mouth opening displacement control scheme) these solutions are quite
close as larger cracks appear in conﬁgurations with stiﬀer interfaces, according to Fig. 4. The global behavior of the
ﬁbre-matrix system is better represented in Fig. 6, where the remote stress is plotted versus the average strain along
the segment between the matrix points A and B (see Fig. 2a). Looking in detail on some solution curves in Fig. 6 a
snap-back instability behaviour can be detected.
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Fig. 5. Applied remote stress with respect to normal relative displacements at point A(a,0), for (a) the pointwise stress criterion, and (b) the average
stress criterion.
4. Conclusion
A new computational procedure combining the FFM and LEBIM (corresponding to μ > 1) has been developed.
It opens new possibilities to study the onset and propagation of cracks along interfaces and adhesive layers using
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Fig. 6. Applied stress with respect to strain between A and B, for (a) the pointwise stress criterion, and (b) the average stress criterion.
realistic values of strength, fracture toughness and in particular layer stiﬀness, which can be signiﬁcantly higher than
in the original LEBIM (corresponding to μ = 1). It is interesting to observe that for the present ﬁbre-matrix system the
predictions of the crack onset and propagation obtained by FFM and LEBIM diﬀer only slightly from those obtained
by the original LEBIM, which indicates only a moderate dependence of these predictions on the interface stiﬀness.
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